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Lunar gravitational maps from GRAIL gravity, LRO and Kaguya topography and 3D crustal
density

BlaZej Bucha

e Lunar gravitational maps are derived from satellite and topography-induced gravity

The maps show the gravitational potential, vector and tensor at the 250-m resolution

3D variable density is used to compute topography-induced gravitational signals

Gravitational field is expanded up to degree 11,519 in terms of spherical harmonics

The maps are suitable for engineering applications such as navigation
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ABSTRACT

We present a suite of Lunar Gravitational Maps 2026 (LGM2026) at a resolution of 128 pixels per
degree (~250 m at the equator). The maps show the gravitational potential, the gravitational vector and
the gravitational tensor globally at the lunar surface and on its circumscribing sphere. Long wavelengths
up to 11 km are taken from a spherical-harmonic model derived from the Gravity Recovery and Interior
Laboratory mission (GRAIL). The remaining short wavelengths are forward-modeled from the lunar
topography observed by the Lunar Reconnaissance Orbiter (LRO) and the Kaguya spacecraft using
a 3D crustal density model. Over most regions, the commission error of LGM2026 is estimated at
2 m@Gal for the gravitational vector. LGM2026 can be beneficial for near-surface applications that are
sensitive to variations of the lunar gravitational field such as spacecraft navigation, inertial navigation or
gravity field simulations. Given that the gravitational signals beyond the 11-km resolution are modeled
from topography, they cannot, however, be geophysically or geologically interpreted. As a by-product,
LGM?2026 was converted into an external solid spherical-harmonic expansion of the gravitational

potential up to degree 11,519.

1. Introduction

Knowledge of the lunar gravity field is essential to
understand the interior structure of the Moon (Wieczorek
et al., 2013), for topography mapping (Barker et al., 2016) or
for spacecraft navigation (Chen et al., 2023). A breakthrough
in lunar gravity field mapping was achieved by the Gravity
Recovery and Interior Laboratory mission (GRAIL; Zuber
etal., 2013). The GRAIL satellites were, however, insensitive
to gravity features beyond the resolution of a few kilometers
(Wieczorek, 2015). Such fine-scale gravity signals are essen-
tial, for instance, for spacecraft navigation at landing sites as
demonstrated by the Mars rover Curiosity (Way, 2013). In
the context of the lunar gravity field, these short wavelengths
originate almost exclusively from topography and subsurface
mass variations (Zuber et al., 2013; Goossens et al., 2020).
Therefore, they can be predicted from the shape and density
of topography by means of Newton’s law of gravitation.

Thanks to the Lunar Reconnaissance Orbiter (LRO; Chin
et al., 2007) and the Kaguya missions (Kato et al., 2010),
lunar topography models have reached resolutions of a few
tens of meters globally (Barker et al., 2016). They are thus
better resolved than GRAIL gravity models by two orders
of magnitude, making them suitable for short-scale gravity
predictions. Supplementing observed gravity with gravity
from topography is a well-established methodology (Tziavos
and Sideris, 2013), which, under some variations, has been
applied to the Earth (Pavlis et al., 2012; Hirt et al., 2013;
Ince et al., 2020), the Moon (Hirt and Featherstone, 2012),
Mars (Hirt et al., 2012; Gérski et al., 2018) or Venus (Li
et al., 2015). By incorporating topography-implied signals,
these models may describe gravity fields more accurately and
completely than those relying solely on gravity observations
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(e.g., Hirt et al., 2013), although they can no longer be used
in geological and geophysical applications. Presently, the
most detailed lunar surface gravity model employing gravity
predictions from topography is the Lunar Gravity Model
2011 (LGM2011) with its 1.5-km resolution at the equator
(Hirt and Featherstone, 2012). However, more than a decade
after its release, the data and methodology behind LGM2011
no longer represent the state of the art. First, new LRO
topography data were gathered which led to improved lunar
shape models (Barker et al., 2016). Second, the topography-
induced gravity in LGM2011 assumes constant-density
topography, but lateral and 3D density modeling have been
studied increasingly (Wieczorek et al., 2013; Besserer et al.,
2014; Han et al., 2014; Goossens et al., 2020; gprlék et al.,
2020). Third, on the methodological level, the topography-
based component of LGM2011 employs the outdated planar
approximation and does not incorporate certain correction
terms that were later discovered by Rexer et al. (2018). These
recent developments stimulate a compilation of new lunar
gravitational maps for the benefit of future scientific and
engineering applications.

Taking advantage of the new datasets (Section 2) and
modeling techniques (Section 3), we developed a suit of
Lunar Gravitational Maps 2026 (LGM2026; Section 4) that
surpass previous efforts in several aspects. The maps show
not only the gravitational potential and vector as in LGM2011,
but also the gravitational tensor. Each quantity is modeled
globally at the lunar surface and on its circumscribing
sphere. The resolution of LGM?2026 is 128 pixels per degree
(PPD), which corresponds to about ~250 m at the equator,
outperforming LGM2011 by a factor of ~6. In terms of data,
LGM2026 benefits from latests state-of-the-art models of
gravity from GRAIL, topography from LRO and Kaguya,
and 3D crustal density from inversion of GRAIL data.
Finally, given that 3D crustal density models yield superior
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Lunar gravitational maps

topography-implied gravity compared to constant-density
models (éprlék et al., 2018; Bucha, 2025), LGM2026’s shift
to 3D densities represents a step towards more realistic short-
scale gravity predictions. The commission error of LGM2026
is estimated at 2 mGal for the gravitational vector at the lunar
surface (1 mGal = 107> m s~2; Section 5). LGM2026 can be
suitable for gravity predictions at prospective landing sites,
spacecraft navigation and other applications seeking fine-
scale surface gravitational information (Section 6). As the
primary limitation, LGM2026 is not suitable for geophysical
and geological interpretations at scales smaller than 11 km
at the equator (Section 7).

2. Data

Long wavelengths of LGM2026 were taken from the
Kaula-constrained spherical-harmonic model GRGM1200B
(Goossens et al., 2020) up to degree 500 (~11 km at the
equator). GRGM1200B relies on the primary and extended
mission GRAIL data and is expanded up to degree 1200.

In short wavelengths beyond degree 500, LGM2026 relies
on gravity inferred from topography and density models.
The topography was represented by the LDEM128_PA_pix-
el_202405 model (briefly LDEM128; Neumann, 2024) at
the resolution of 128 PPD. LDEM128 is based on data from
the Lunar Orbiter Laser Altimeter (LOLA) onboard LRO
and from the Kaguya’s Terrain Camera. It is expressed in
the Moon’s principal axes coordinate system (PA), matching
the coordinate system of GRGM1200B. For the spherical-
harmonic representation of LDEM128, we used the degree-
11,519 model Moon_LDEM128_shape_pa_11519 (briefly
LDEM128_SH; Wieczorek, 2024). The density was repre-
sented by the linear 3D model of Goossens et al. (2020) using
the variant with the cap radius of 15° and the degree range
250-650.

3. Methods

LGM2026 builds on principles established over four
decades of Earth’s gravity field modeling. The key idea is to
(i) base the gravity model on gravity observations whenever
possible and (ii) employ gravity predictions from topography
once the observations are too noisy or unavailable in some
regions. Owing to the strong correlation between topography
and the gravity field of planets at short scales, this approach
can approximate even the finest gravity structures, making
it useful for applications ranging from geoid determination
(e.g., Sanso and Sideris, 2013) to spacecraft navigation (e.g.,
Gorski et al., 2018). As a limitation, those parts of the model
that incorporate gravity predictions from topography, be it
in the spectral or spatial domain, cannot be geologically or
geophysically interpreted, which rules out applications such
as gravity inversions.

LGM2026 takes long-wavelength gravity from GRAIL
satellites (wavelengths up to 11 km at the equator) and
combines it with fine gravity signals implied by near-surface
lunar topographic masses (wavelengths shorter than 11 km).

Unique to LGM2026 is its approach to gravity predictions,
which exploit 3D variable crustal density information.
Given the fine target resolution of 250 m and our focus
on the gravitational field at the lunar surface, LGM2026
cannot be parametrized by the popular external spherical
harmonics, as the series diverges at the lunar surface at even
coarser resolutions, say, a few kilometers (e.g., Hirt and
Kuhn, 2017, Sprlék and Han, 2021). We therefore rely on the
parametrization by 2D grids, which can be regarded as maps
(for other approaches, see, e.g., Takahashi and Scheeres 2014
or Grafarend and Engels 1993). LGM2026 maps show the
gravitational potential V', the gravitational vector

VX
g=vv=|w )
VZ

and the gravitational tensor

| 2 72 S A 72
V=VQVV=|Vy vw py| 2)
Vi yw  y

The gravitational vector and tensor are expressed in the
local north-oriented reference frame (LNOF), which is a
right-handed Cartesian coordinate system with the origin
at the evaluation point, the x-axis pointing to the north, the
y-axis pointing to the west and the z-axis pointing radially
outwards. All quantities are provided 0.1 m above the lunar
topography as represented by LDEM 128 (hereafter referred
to as at the topography for brevity) and on the sphere of
the radius 1749 km passing outside lunar masses (on the
circumscribing sphere for brevity). Neither the centrifugal
field nor the normal gravity field is included in LGM2026.
Given that the 3D position of the LGM2026 points is
published along with the maps, they can readily be evaluated
whenever necessary.

All LGM2026 quantities, V', g and V, were computed
in the same manner, so we shall demonstrate the develop-
ment strategy using the gravitational potential V" only. The
gravitational potential V' was obtained as

Y = GGM | /RTM 3)

where VOOM is the long-wavelength component from the
global gravity model GRGM1200B (Section 3.1) and VK™
is the short-wavelength signal beyond degree 500 predicted
from topography using residual terrain modeling (RTM; Sec-
tion 3.2). To ensure that VR™ does not interfere with 1V 6M,
RTM corrections introduced by Rexer et al. (2018) are taken
into account in V®™ (Sections 3.2.1 and 3.2.2).

3.1. Long-wavelength component

The long wavelength component ¥ SSM from Eq. (3) re-
lies on observed GRAIL gravitational data through the Kaula-
constrained GRGM1200B model (briefly GRGM1200B).
The term was obtained by the solid spherical-harmonic
synthesis of the I%SnGM coefficients from GRGM1200B up to
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Lunar gravitational maps

degree 500 using the relation

VOM(r, @, 1) = p

., @)
x ) VMY (@, ),

m=—n

RGGM < )

where r, @, A are the spherical radius, the spherical latitude
and the spherical longitude of evaluation points, GMYM
is the product of Newton’s gravitational constant and mass
of the Moon, REM ig the radius of the reference lunar
sphere and Y,,,(p, A) are the 4z-fully normalized surface
spherical harmonics of degree n and order m. The scaling
constants GMYSM and ROSM are given by GRGM1200B.
Since GRGM1200B does not specify the coefficient I7OCO;GM
of degree and order 0, we set it to 1, so that the dominant
monopole component reads GMEM /r.

We truncated the series (4) at degree 500, because neither
too low nor too high truncation degree is a good choice for
LGM2026. If truncated too early, the series will not capture
valuable gravitational signals observed by GRAIL. If the
series is truncated too late, the following points should be
considered.

1. The constraints that were used to estimate GRGM1200B
will propagate into the gravitational quantities. For
the GRGM1200B variant that we used, the constraint
is the Kaula rule, which is an empirical power law.
This rule, however, seems to be too strong (§prl€1k
and Han, 2021) and thus it may smooth GRAIL
observations, leaving un-modeled signals in high
degrees. Fig. 5a of Goossens et al. (2020) shows that
the model remains mostly unaffected by the Kaula
regularization up to degree 500 (Kaula constraint
applied beyond degree 600). Alternatively, the RM1
variants of GRGM1200B (see Goossens et al., 2020)
could be used that employ a regularization based
on topography-implied gravity instead of the Kaula
rule. But in principle, this is the same as what our
RTM method does, although our RTM does not take
advantage of GRAIL observations beyond degree 500
as it happens with GRGM1200B + RM1.

2. The series will be subject to the divergence of spherical
harmonics at the lunar topography. It has been shown
numerically that the potential series evaluated at the
lunar surface starts to deviate from the true potential
somewhere around degree 700 due to the series di-
vergence (Hirt and Kuhn, 2017). This is in agreement
with the theory, which guarantees convergence outside
the smallest lunar circumscribing sphere only (Sanso,
2013). Rigorously speaking, one should therefore reject
the idea of evaluating the series at the lunar surface,
regardless of the truncation degree. Another option is
to be aware of the divergence and to try to determine
the turning point, beyond which partial sums of the
series start to deviate from the true value, hoping the
bottom part of the series can realistically model the

true signal. Such an analysis has been done by Hirt
and Kuhn (2017) and the turning point seems to be
somewhere around degree 700.

3. High-frequency noise in GRAIL data will be amplified
disproportionally when the series is evaluated at the
topography due to the downward continuation.

4. Degree strengths will spatially vary, making the model
less homogeneous.

By relying on the Kaula-constrained GRGM1200B truncated
at degree 500, we thus (i) mitigate the impact of regularization
methods (the unconstrained GRGM1200B is not publicly
available), (ii) mitigate the divergence of spherical harmonics
at the lunar surface, (iii) avoid too strong noise amplification
and (iv) ensure spatially homogeneous degree strengths.

Given the low truncation degree of 500, we used the exact
algorithm for solid synthesis both at the lunar surface and
on its circumscribing sphere, avoiding the more efficient but
approximate gradient approach (e.g., Balmino et al., 2012;
Hirt, 2012). To this end, we used CHarm, a C/Python library
for spherical-harmonic transforms in planetary geodesy
(Bucha, 2026). The evaluation of Eq. (4) was parallelized
using OpenMP and AVX2.

3.2. Short-wavelength component

The short-wavelength signals VR™ from Eq. (3) were
delivered by RTM (Forsberg and Tscherning, 1981; Torge and
Miiller, 2012; Tziavos and Sideris, 2013). This component
does not rely on any observed gravitational data but instead
approximates the gravitational field based on the lunar
topography and its density. To make the modeling closer
to the reality, we employed a 3D crustal density model as
opposed to the previously used constant density model (Hirt
and Featherstone, 2012). Our RTM modeling assumes isostat-
ically uncompensated lunar topography beyond degree 500,
that is, at wavelengths shorter than ~11 km at the equator.
These fine topographic features are thus assumed to be not
supported by deeper mass adjustments in the crust or upper
mantle which is a realistic assumption (Wieczorek et al.,
2013).

In principle, RTM first forms a residual terrain by subtract-
ing long-wavelength topography (here LDEM128_SH to de-
gree 500) from high-resolution topography (here LDEM128).
Then, it calculates gravitational effects of the residual terrain
using Newton’s integral. Because the short-scale residual
terrain is isostatically uncompensated, the integration can be
limited to nearby masses (typically within a few tens of kilo-
meters of evaluation points), improving efficiency over global
integration. Finally, the gravitational effects are adjusted for
low- and high-frequency corrections (Rexer et al., 2018)
to make RTM signals consistent with spherical-harmonic
gravitational models that are expanded up to the same degree
as the long-wavelength topography (here GRGM1200B
to degree 500). By adding short-scale topography-implied
RTM signals (VR™ in Eq. 3) to long-wavelength observed
gravity from spherical-harmonic models (V9%M in Eq. 3), the
completeness and resolution of the latter may be substantially
improved. Numerous Earth-related studies proved indeed
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Lunar gravitational maps

that RTM reduces the omission error of spherical-harmonic
gravity models, in some cases by as much as 80 % (Hirt
et al., 2013; Duri¢kové and Janak, 2016; Grombein et al.,
2017). Improvements were also observed with lunar (Hirt
and Featherstone, 2012) and martian gravity fields (Hirt et al.,
2012; Way, 2013), though with less confidence due to the
lack of surface gravity observations (at the lunar surface, only
a few gravity observations from the Apollo era are available).

RTM can be viewed as high-pass filtering of gravita-
tional fields implied by high-resolution topographies. For
proper filtering, it is crucial to ensure consistency between
the high-resolution and long-wavelength topographies (Hirt
et al., 2014). In our case, the consistency is guaranteed, as
LDEM128_SH was obtained directly from LDEM128 by
spherical-harmonic analysis (Wieczorek, 2024).

Let us assume that LDEM 128 (the high-resolution topog-
raphy) and LDEM128_SH (the long-wavelength topography)
were referenced to an internal sphere of the radius 1727 km,
so that all heights are positive. Furthermore, let us formally
denote by G(DEM) the process of evaluating some functional
of the gravitational potential implied by a digital elevation
model DEM. This process is often called gravity-forward
modeling or gravity-from-topography modeling. Then, RTM
modeling reads

yRIM = gTv<IS0 (1 DEM128,, )

SH, 180°
= Gy s<*V (LDEM128_SH, 509) — LF.

&)

Here, the subscripts indicate the spectral content. For instance,
LDEM128_SH,, 53, means that LDEM128_SH is expanded
from degree O up to degree 500, G, 5, means that the gravita-
tional effects from gravity-forward modeling are considered
from degree 0 to 500 and so on. The first superscript next
to G denotes gravity-forward modeling method: G” stands
for a spatial-domain method (Section 3.3.1) and G3H denotes
a spherical-harmonic method (Section 3.3.2). The second
superscript next to G uses the spherical distance y between
the evaluation point and topographic masses to indicate
masses that are gravity-forward modeled: y < 180° therefore
implies integration of all masses (global integration). Finally,
LF stands for the low-frequency correction.

The rationale behind Eq. (5) is as follows. The first
term on the right-hand side, Qg"f:lgoo (LDEM128; ),
represents the full-spectrum gravitational field of the high-
resolution full-spectrum topography LDEMI128. It con-
tains gravity signals not only beyond degree 500, as re-
quired to augment GRGM1200B truncated at degree 500
(see Egs. 3 and 4), but also signals at degrees 0 to 500.
To be able to use it in conjunction with GRGM1200B,
all signal power at degrees from 0 to 500 must there-
fore be removed. We achieve this in two steps. First, we
subtract Gy -<'"*""(LDEM128_SH, 59). Which stands for
the grav1tat10nal field of LDEM128_SH, where both the
gravitational field and LDEM128_SH are expanded to
degree 500. After the subtraction, a significant portion of
the signals in QT ';’:180 (LDEM128,, ) is removed at de-
grees 0 to 500, Whlle degrees beyond 500 remain untouched,

because the gravity signals ggHj,(y)/O<180° (LDEM128_SHy s09)

are truncated at degree 500. However, some leftover signals
can still be found in harmonics up to degree 500, given
that LDEM128_SH was truncated at degree 500 instead
of being expanded up to infinity to match the other term
(see Eq. 5). In the second step, we thus remove the leftover
signals, so that RTM indeed covers only harmonics beyond
degree 500 as required by Eq. (3). This is done by subtracting
the LF correction term, which represents errors committed
by using LDEM128_SH,, 5 in the second term on the right-
hand side of Eq. (5) instead of using LDEM128. Evaluation
of this correction will be discussed later in Section 3.2.2.

Global spatial-domain gravity-forward modeling QT W <1807
from Eq. (5) is computationally challenging due to the
convolutional character of Newton’s integral. Opposed to
this, spectral spherical-harmonic methods G5 are orders
of magnitude faster due to the underlying FFT. However,
CSHw<180° ygually cannot be used at the topography due
to the divergence of spherical harmonics (Sanso, 2013).
Recently, Bucha (2025) proposed a combined spatial-spectral
method that works even at the topography. It integrates
near-zone masses up to some y (here y, = 10°) by
a spatial-domain method (here G') and the remaining
masses beyond y;, are modeled by a modification of the
spectral method after Bucha (2025) (here G3H). Bucha and
Kuhn (2020) suggest that the spherical-harmonic method
converges even at the topography as long as integrated are
only far-zone masses with sufficiently large distance from
evaluation points. According to Eq. (15) of Bucha and Kuhn
(2020), yy should be larger than v, = max(LDEM128)/
1727 km = 0.7° to achieve convergence everywhere at the
lunar topography. Here, we shall use y, = 10° > -
Let us acknowledge that a formal proof of the hypothesis
by Bucha and Kuhn (2020) has still not been found, but
their numerical experiments and also those from this paper
(Section 3.3.3) are consistent with the hypothesis.

Thus, to improve performance, the first term on the right-
hand side of Eq. (5) can be split as

Go V<" (LDEM128, ) = ¢ V~'" (LDEM128,, ) ©
+G =" (LDEM128, )

and subsequently it can be approximated as

GRS LDEMIZS, ) G LDEMIZS )

SH,y>10°
+G; Josoo (LDEMI128_SHy s490),

integrated are only masses up to and beyond the spher-
ical distance y, = 10° from each evaluation point, re-
spectively. The truncation degrees of 10,800 and 5400

in Qg.]j’g’gi(l)oo (LDEM128_SHj, 54(0) were chosen such that
the approximation errors can be safely neglected yet the
computations remain manageable (note that this will require
spherical-harmonic transforms up to degree ~54,000 to avoid
the aliasing, see Sections 3.3.2 and 3.3.3 and Bucha 2025).

The final RTM formula used to develop LGM?2026 therefore

where the notation y < 10° and y > 10° means that
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reads
RTM _ ,~T.w<10°
yRIM = gTv <10 (L DEM128, )
SHw210% | bEN128_SHY) s400) ®)

+ gO..lOSOO
SHy<180° 1 DEM128_SH,) s) — LF.

= Go.500
Generally, Eq. (8) follows the baseline technique of Hirt et al.
(2019a) with two differences to be discussed in Sections 3.2.1
and 3.2.2.

Let us remind that topography band-limited to de-
gree N > 0 generates full-spectrum gravity field and that
this holds for both spatial- and spectral-domain gravity-
forward modeling methods (Hirt and Kuhn, 2014). As a
result, the gravity field of, say, LDEM128_SH,, 54, covers

all harmonics so that QS.I_{;O"KBOO (LDEM128_SH) s5490) =

gg’.‘é’:lgoc (LDEM128_SHj) 54¢) (for now, we assume evalu-

ation points above the minimum lunar circumscribing sphere,
so that QSH W <1807 converges). With spectral methods, it can
thus be truncated at degree, say, 2 X 5400 = 10,800 which is

SH,y <180° (LDEM 128_SH0..5400)

in our notation written as QON1 0800

(see Eq. 8).

3.2.1. High-frequency RTM correction
Equation (8) does not include a high-frequency RTM

correction term, which is defined as (Rexer et al., 2018)
SH,yp<180°
HF = gsmw< (LDEM128_SHy 500)- )

In our case, this correction must not be applied, because
it is already accounted for by truncating the gravitational

effects G ¥ <""" (LDEM128_SH,) s00) at the desired degree
of 500. The high-frequency correction is typically required
when the gravitational field of LDEM128_SH,, 5, is evalu-
ated by spatial-domain methods (e.g., prisms or tesseroids),
which do not permit to spectrally truncate gravitational

effects.

3.2.2. Low-frequency RTM correction

Unlike the RTM baseline technique of Hirt et al. (2019a),
our RTM takes into account also the low-frequency correction
(see LF in Eq. 8; the study of Hirt et al. 2019a did not
require this correction). The purpose of the low-frequency
correction is to remove residual signals that are otherwise
found in RTM below the resolution of the spherical-harmonic
topography (here, degrees up to 500; Rexer et al., 2018). After
applying the correction, RTM does not contain any signal
power up to degree 500, so that adding RTM to GRGM1200B
(Eq. 3) will not tamper the observed GRAIL signals found
in GRGM1200B. We discuss two methods to compute the
low-frequency RTM correction.

The method A reads

SH,y <180°
LF = G "o =""" (LDEMI128;, )

SH,y <180°
— Gy a0 (LDEM128_SHy s00)

That is, the correction represents gravitational signals up to
degree 500 which are implied by the residual topography.
Clearly, substituting the relation after the equal sign in
Eq. (10) into (5) leads to

yRIM = gIv<IS0" | DEM128,, )

— G <1 (LDEM128,, ).

Y

which is the sought filtration of the gravitational effects
implied by the high-resolution topography LDEM128. This
proves that topography-implied gravity can be high-pass
filtered exactly also by means of a reference spherical-
harmonic topography as long as the low- and high-frequency
corrections are applied. The obvious problem is that if Ny
and N are too high in G v <"*" (LDEM128_SH, y, ).

convergence of the spherlcal harmonic expansion of the
gravitational potential is not guaranteed at the planetary
surface. In fact, for realistic bodies and sufficiently high N,
and N, the series will likely diverge on the planetary body
as shown numerous times in the literature (Hu and Jekeli,
2015; Hirt and Kuhn, 2017; Bucha and Sanso, 2021). In
our case, Ny = Ng = 500 are low enough to avoid the
divergence of spherical harmonics at the lunar surface (see
also Section 3.1).

A different approach, hereafter named the method B, was
used by Rexer et al. (2018). It consists of two steps: (i) the
spherical-harmonic analysis of

VRTM without LF - g(j)i’lé/o< 10° (LDEM 1 28000)

SH,y>10°
+ Gy g0 (LDEMI128_SH, s5409)

— GIRW<I®" | DEM128_SH,, 500),
(12)

where V/ RTM without LF i evalyated on a circumscribing sphere
passing outside all masses, and (ii) the synthesis of the
obtained coefficients up to degree 500.

We shall numerically show in Section 3.4 that both
approaches are equivalent. For reasons to be explained later
in Section 3.4, we opted for the method B in the LGM2026
development.

3.3. Gravity-forward modeling

Two gravity-forward modeling techniques were used
to compute Eq. (8): a spatial-domain technique based on
tesseroids (Section 3.3.1) and a spectral-domain technique
based on spherical harmonics (Section 3.3.2).

3.3.1. Spatial-domain gravity-forward modeling

We used the tesseroid-based spatial-domain method of
Lin et al. (2020) to evaluate QT ‘g:lo (LDEM128; ) from
Eq. (8). It calculates the grav1tat10na1 field of a tesseroid,
whose density p(r') varies radially with ' as a finite-degree
polynomial

o (10)
~ QS%S/O<180 (LDEM128_SH 5400) ) i ) 13)
o p(r') = p; (r)'.
— GoPw <150 DEM128_SH,) 509). L
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Once the polynomial density coefficients p; are allowed to
vary with latitude ¢’ and longitude A’, that is, from tesseroid
to tesseroid, gravity-forward modeling of lunar topography
with 3D variable density is possible.

To represent the density, we used the 1°X1° linear 3D den-
sity model by Goossens et al. (2020) with the cap radius of 15°
and degree range 250-650. This model provides the surface
density pg,(¢’, ') and its first-order gradient py,,q(¢’, A"),
so that the density is modeled as

p(r/’ (p,3 /1/) = psurf((p/9 A”)+pgrad((pl9 j") Z(r’3 ¢/1 )")9 (14)

where z(r', @', ') = ro (@', A')—r' is the depth with respect
to the lunar surface rg,.;(¢’, A’). By a simple transformation,
the polynomial density coefficients from Eq. (13) are obtained
as

pO((p,9 /1,) = psurf((p,7 ﬂ,)+pgrad((p,9 /1,) rsurf((p’3 A,) (15)

and

(16)

With the linear density model of Goossens et al. (2020), the
order of the radial polynomial density coefficients is I = 1.
Since density data in the model of Goossens et al. (2020) are
missing near the poles (latitudes |@| > 88°), we used the
nearest neighbor interpolation to fill-in the gaps.

The method of Lin et al. (2020) evaluates Newton integral
and its derivatives by the Gauss—Legendre quadrature in lati-
tude, longitude and spherical radius. In all three dimensions,
we used 11 quadrature nodes for all tesseroids up to y < 0.3°,
5 quadrature points for tesseroids with 0.3° < y < 0.5°,
3 quadrature points if 0.5° < y < 3° and finally 2 quadrature
points for 3° < yw < 10°. We found this setup to be a
good compromise between the accuracy (see Section 5.1.3)
and computing speed. The parameter related to the 2D
adaptive subdivision was 10. The adopted value of Newton’s
gravitational constant is G = 6.67430 x 101! m? kg_1 572
(Tiesinga et al., 2021).

For reasons of numerical efficiency, the forward model-
ing QT W <107 (LDEM128,, ) was performed by combining
two grlds of different resolutions. We used LDEM 128 sam-
pled at 128 PPD for all tesseroids with spherical distance y <
0.5° from evaluation points. At spherical distances 0.5° <
v < 10°, we used LDEM128 resampled to 64 PPD. This
grid was obtained from the original LDEM 128 by a weighted
block averaging, with weights being given by the pixel size.
To avoid issues associated with the singularity of Newton’s
kernel and of its derivatives in the case of the surface
gravitational maps (see Section 3), the evaluation points were
placed 0.1 m above the topography. Our implementation of
the tesseroid-based technique is written in the C programming
language and employs OpenMP and AVX-512 parallelization
techniques to efficiently tackle large-scale forward modeling
tasks.

p1(§0,, /1/) = _pgrad(qo,s j'/)

3.3.2. Spectral-domain gravity-forward modeling

The two terms Gy or<'*" (LDEM128_SH, 509) and

Go 210" (LDEM128_SH,, s400) from Eq. (8) were evalu-
ated by the spherical-harmonic gravity-forward modeling
technique of Bucha (2025), which is designed to work with
constant, lateral and 3D density models. We shall discuss the

computation of both terms separately.

Evaluation of G, % <'*" (LDEM128_SH, 599
The term Gy o¥<"*" (LDEM128_SH, 509), Which we
now denote V (r, @, A) in the context of the grav-

SH aw<180°
itational potent1al was obtained by the equation

500

SH,y<180° _ GM R\"t!
Voso — (heH=— (7)
n=0
n
y Z pLDEMIZS SHosoo () 3
m=—n
17

where GM is the product of Newton’s gravitational constant G
(see Section 3.3.1) and the mass of the Moon M = 7.34630x
10?2 kg (Williams et al., 2014), R = 1727 km is the
radius of the sphere, to which we referenced LDEM128_SH
(see Section 3.2) and VLDEM128 SHo.50 are the spherical-
harmonic coefficients of the gravitational potential implied
by the LDEM128_SH,, 5o, topography. Following Bucha
(2025), these coefficients are given as

P I

— LDEM128_SH 27 R3 —(pi)
L v = > > S, Hp,, . (18)
p=1i=0
where
2 1 n+i+3
S, = 19
npt 2n+1n+i+3< p > (19

and

2
—(pt)
Hp?)(g', A A
Poum 4ﬂ//p(<p ) V(9 )(20)
/:_zy

x dA' cos ¢’ dg’

are the spherical-harmonic coefficients of the topographic
height-density function

Gt HLDEMIZS—SHO.,SOO(QD’, ).,) p
Hp*(¢', 1) =
R Q1)

X pi(@ . A)R'.

The symbol P is the maximum topography power (see p
in Eq. 21) and [ is the order of the radial polynomial
density coefficients (see Eq. 13). To evaluate Eq. (18), we
used P = 50 and I = 1. While in theory P approaches
infinity (see Bucha, 2025), we have checked that P = 50
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is sufficient to suppress the truncation error at a negligible
level for our LDEM128_SH,, 5o topography (see also Hirt
and Kuhn, 2017; Bucha and Kuhn, 2020). The value I = 1 is
determined by the density model from Eq. (13). Equation (17)
was evaluated at the lunar surface and on the circumscribing
sphere of the radius 1749 km (see Section 3) in the same way
as Eq. (4). Equation (18) was calculated using CHarm.

Evaluation of Q(S)Hl’g;i;oo (LDEM128_SHj; 5490)

The computation of ggﬁ’&%éo"(LDEM128_SH0,.5400)

from Eq. (8), here denoted as VOS?O"QEOIO (r, @, A), was slightly
different for points at the lunar surface and on the circum-
scribing sphere.

Let us begin with the circumscribing sphere. In this case,
the spherical radius of all points is constant, r = ro =
1749 km. The gravitational potential of far-zone masses (y >
10°) implied by the topography model LDEM128_SH) 549

and truncated at degree 10,800 reads (Bucha, 2025)

SH,y>10° GM
Vo.rosoo e @-A) = —=
10800 n (22)

-LDEM128 _SH, >
DI O30 oo R) Yy

n=0 m=-n

(@, 4),

where y = 10° and the spherical-harmonic coefficients are
given as

_ DEM128_SH 27 R3
Vnm — 0“5400("C’ I//()9 R) —
P I — o (23)
pi
X Z Z npl(rcs WO:R)Hpnm
p=1i=0

Here, Q,,(r.,yy, R) are Molodensky’s truncation coeffi-
cients (for definition and numerical evaluation, see Bucha,
2025) and Hp. are given by Eq. (20), but this time
with HEPEMI28_SHo 5400 instead of HMPEMI28_SHo.500, Since
the truncation degrees of the topography and of its implied
gravitational potential are now higher compared to Eq. (17)
(5400 and 10,800 now vs. 500 and 500 in Eq. 17), we were
forced to decrease P from 50 to 10. As will be shown in
Section 3.3.3, P = 10 is fairly sufficient this time, because
now we are dealing with the gravitational potential of far-
zone masses only (y > 10°) which is smooth compared to
all masses (y < 180°) in Eq. (17). This is explained by the
attenuation of the gravitational field with increasing distance
from source (for an example in the spectral domain, see Bucha
et al., 2019).

Let us move to the evaluation of V. at the lunar
topography with varying spherical radlus r. It would be
highly impractical to use Eq. (22) now, because the spherical-
harmonic coefficients in this equation depend on the spherical
radius of the evaluation point (r in Eq. 22). This would
generally mean a different set of coefficients for each of
the 23,040 x 46,080 ~ 10° LGM2026 points. To overcome
this, Bucha et al. (2019) followed Balmino et al. (2012) and
Hirt (2012) and employed the upward/downward continuation

SH w>10°

from some auxiliary sphere of the radius R, to the topography

with the varying radius rg,s(¢, A). This technique is called

the gradient approach. For simplicity, let V' = VSH w2107

0..10800
The gradient approach then reads
Vo )= 3 - 2V - RS
surf> ¥ k' ark =R, surf a’ -
The key to efficiency is to evaluate 0¥V /ork |,_g by FFT-

based algorithms and then simply substitute these terms
into the truncated Taylor series (24). Note that oKV /ark
requlres 9k LDEMI28_SHo. m"(r, wo. R)/or* (see Eq. 22),
hence 0¥ Qi (r, wy, R) /ork (see Eq. 23), making the evalua-

tion of VSH v210% ot the lunar surface a non-trivial task. To
this end, We used the equations of Bucha (2025), which are
valid for any n, p, i and k. To make the truncation errors of
the Taylor series negligible, we used K = 40. This choice
will be justified in a numerical test in Section 3.3.3. Again,
CHarm was employed to evaluate Eqgs. (22) and (23) together
with their radial derivatives.

3.3.3. Approximation errors of Eq. (7)

This section shows that the approximation errors in Eq. (7)
are negligible. Since Eq. (7) requires to calculate Eq. (22)
at the lunar topography, this validation will also provide a
numerical evidence (not a proof though) that Eq. (22) can be
used reliably at the lunar topography for y;, = 10° without
any signs of the divergence of spherical harmonics.

We calculated G| ¥ <"*"" (LDEM128; ) on the left-hand
side of Eq. (7) by the “tesseroid-based gravity-forward mod-
eling method (Section 3.3.1) using all topographic masses
(global integration). These data will serve as a reference
for the test. Given that this is too time consuming, the
forward modeling was conducted only at 360 X 719 points of
all 23,040 x 46,080 LGM2026 points (0.5° X 0.5° resolution).
Importantly, the input topography and density grids were
the same as when evaluating LGM2026 maps, that is, they
were sampled at the 128-PPD resolution. The right-hand side
of Eq. (7) was obtained simply by extracting the data from
LGM2026 intermediate results at the corresponding 360x719
grid.

The comparison of both sides of Eq. (7) will mostly
reflect approximations in QSH 5’83(1)0 (LDEM128_SHj, 5400)
due to (i) the truncation of the gravitational field quantities
to spherical-harmonic degree 10,800, (ii) replacing far-
zone masses LDEM128, . by LDEM128_SH 540y, and
(iii) truncating the originally infinite series over p and k in
Egs. (23) and (24) at P = 10 and K = 40, respectively.

Table 1 reports outcomes of the validation at the lunar
topography. Discrepancies at the same levels were found also
for evaluation points located on the circumscribing sphere
while the signals were weaker by one order of magnitude at
most. Overall, the discrepancies are negligible compared
to the overall error budget of LGM2026 (see Section 5),
justifying our preference for the more efficient spherical-
harmonic technique.
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Table 1

Approximation errors of Eq. (7). Shown are statistics of the reference signals from spatial-domain gravity forward modeling (the
left-hand side of Eq. 7) and statistics of the discrepancies of the new approach (the right-hand side). STD stands for the standard

deviation.
Reference signal Discrepancies
Quantity min max mean STD min max mean STD
V [m? s72] 3.4e+04 4.1e+04 3.6e+04 1.5e+03 —2.9e-02 1.9e-01 8.3e—02 1.6e-02
V* [mGal] —6.8e+02 1.2e+03 3.8e+00 1.7e+02 —2.1e—02 4.0e-02 4.1e—03 4.4e-03
VY [mGal] —7.9e+02 7.6e+02 —1.8e—02 1.7e+02 —2.7e—02 3.2e—-02 -2.7e—-04 5.1e-03
V? [mGal] —3.3e4+03 -1.1e+03 —2.1e4+03 2.6e+02 —5.6e—03 1.3e-03 —-2.4e-03 5.2¢e-04
V* [E] —5.1e+02 7.2e+02 —1.1e+00 8.4e+01 —1.0e—03 1.6e-03 1.0e—04 1.8e—04
V*y [E] —3.2e+02 3.7e+02 -8.1e-02 4.6e+01 —1.4e—03 1.4e-03 —-1.7e-06 2.3e-04
V*2 [E] —6.3e+02 6.3e+02 3.8e—01 9.5e+01 —4.1e—04 2.1e-04 —-4.2e-05 4.4e-05
V¥ [E] —5.3e+402 6.5e+02 —1.3e+00 8.4e+01 —1.4e—03 1.4e-03 —-1.7e-05 2.0e-04
V2 [E] —6.3e+02 6.7e+02 1.5e-01 9.5e+01 —3.2e-04 2.8e—04 2.8e—06 5.2e-05
V* [E] —1.2e403 8.1e+402 2.4e+00 1.4e+02 —8.9e—04 7.6e—04 —8.4e—-05 1.4e-04

Considering that the reference values of this test are
independent of spherical-harmonic techniques, this validation
also proved that Eq. (22) does not show any signs of the
divergence effect at the lunar surface and thus it can be used
to develop LGM2026.

3.4. Comparison of methods for the low-frequency
RTM correction

This section shows that the two independent approaches A
and B to the low-frequency RTM correction from Sec-
tion 3.2.2 lead to comparable results.

In the method A, we used Eq. (18) to get spherical-
harmonic coefficients of both terms on the right-hand side
of Eq. (10) (after the ~ sign). Subsequently, both sets of
coefficients were rescaled from the sphere of the radius R =
1727 km (see Eq. 18) to the circumscribing sphere of the
radius 1749 km (for the rescaling procedure, see Barthelmes,
2013). The difference spectrum obtained from the two sets
of coefficients represents the spectrum of the low-frequency
RTM correction on the circumscribing sphere.

In the method B, we harmonically analyzed V/ RTM without LF

Y zRTM without LF and V%RTM without LF (see Eq. 12) at

evaluation points placed on the circumscribing sphere. To
this end, we used bivariate splines of degree 3 to interpolate
the 23,040 x 46,080 LGM2026 grids into the points of the
Driscoll-Healy quadrature and subsequently harmonically
analyzed the signals up to degree 11,519. To the coefficients
obtained from VZ,RTM without LF and VZZ,RTM without LF’ we
applied the well-known relations from the Meissl scheme
to get potential coefficients (e.g., Jekeli, 2017). Note that
the method B cannot be used with the gravitational grids
at the topography, because spherical-harmonic analysis by
quadrature methods requires the signal to be given on a
sphere to get solid spherical-harmonic coefficients. These
solid spherical-harmonic coefficients can then be used to
upward/downward continue gravitational quantities as usually.
This is not possible with the quadrature methods if data are
given at the topography, although it can sometimes be the
only solution for practical reasons (see Rexer et al., 2018).

The results from both methods and their differences
are shown in Fig. 1. The figure reveals some discrepancies
between the two methods in the spectral band from 0 to ~60
whereas good agreement is seen for degrees ~61 — 500. We
attribute the discrepancies mostly to the method B, particu-
larly to the discretization of the lunar topographic masses and
to the approximate evaluation of the gravitational field of a
tesseroid by the Gauss—Legendre quadrature (Section 3.3.1).
Some portion of the disagreement is, however, also due to
the method A, in which we had to replace LDEM128,,
by LDEM128_SH 5490 When evaluating Eq. (10). Discrep-
ancies are also seen between the three variants of the
method B. For degrees up to 2, the method A agrees the
most with the method B when the latter is combined with V'
whereas the worst agreement is seen for the combination
with V?*. This could be explained by the fact that the
gravitational potential is more sensitive to low degrees than
its first- and second-order radial derivatives. As another
feature visible in Fig. 1, the difference spectrum between
the method B with V' and the method A (the blue dashed
line) shows an arch-like pattern. This could be associated
with the method B, in which the density varied laterally as a
step function of the resolution 1° X 1° resolution, while in the
method A, the density was a smooth continuous function.
In other words, while the original density data were the
same for both methods, they entered both methods differently
which might produce the arch-like pattern in their difference
spectrum. Note that the spectrum of a mass distributed over
a spherical rectangle (here 1° X 1° density pixels) follows
the same arch-like pattern (Pollack, 1973). Overall, Fig. 1
reveals that the signal power of the low-frequency correction
is one or more orders of magnitude weaker than the reference
signal from GRAIL.

The coefficients of the low-frequency correction can be
used to correct RTM signals. This is possible for the grids
residing both at the lunar surface and on the circumscribing
sphere. No divergence effect of spherical harmonics (at
a detectable level) is expected at the lunar surface, since
the low-frequency RTM correction is in our case truncated
at degree 500 by definition. From the two methods, we
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Figure 1: Low-frequency RTM corrections from the methods A and B (all shown in solid lines). For a comparison, the GRAIL
gravitational signal from GRGM1200B + RM1, A = 1 is shown for degrees 2 — 500 (degrees 0 and 1 are omitted in this case
in order not to overload the figure). The dashed lines show difference degree amplitudes between the methods A and B. The
GRGM1200B + RM1, A =1 model was rescaled to our circumscribing sphere to make it consistent with the other signals. All
models use the same GM, which is here taken from GRGM1200B + RM1, A =1.

opted for the method B in the LGM2026 development. The
reason is that it removes the signal that is actually found in
our RTM grids in the spectral band 0 — 500. We used the
method B combined with V' to correct the RTM signal of the
gravitational potential, the method B with V* to correct all
three elements of the gravitational vector and the method B
with V?* to correct all six elements of the gravitational tensor.
Different sets of coefficients were used with the gravitational
potential, vector and tensor in order to improve the removal of
low-degree signals, as all three quantities respond to gravity-
forward modeling errors differently. Note that if RTM is
applied only at the topography, as frequently done in practice,
the grids on the circumscribing sphere are not available. In
this case, the method A seems to be a viable alternative to
correct RTM for the low-frequency error.

As an example, Fig. 2 shows the low-frequency RTM
correction (method B with V%) for V'# evaluated at the lunar
surface and on the circumscribing sphere. By removing this
signal from our RTM grids ¥/ »RTM without LF e mitioate an
interference of artificial RTM signals with GRAIL observa-
tions when computing Eq. (3). The 1° X 1° rectangles that
are visible in the figure are explained by the original 1° X 1°
density grids.

All LGM2026 quantities at the lunar surface and on the
circumscribing sphere were corrected for the low-frequency
RTM signals.

3.5. Conversion to spherical-harmonic coefficients

The LGM2026 maps are represented as 2D grids. For
some applications, however, a spherical-harmonic represen-
tation of LGM2026 may be desirable. This sections describes
the conversion of LGM2026 maps into an external solid
spherical-harmonic expansion.

For the same reasons as with the low-frequency correction
method B (Section 3.4), only the LGM?2026 grids residing
on the circumscribing sphere are suitable for the harmonic
analysis. From the ten gravitational quantities of LGM2026,
we have harmonically analyzed V' and also V* and V7,
because of their simple spectral relation with respect to
the gravitational potential V' (the Meissl scheme). The
remaining quantities that include horizontal derivatives could
be analyzed using specialized harmonic analysis methods
(e.g., Martinec and Einspigel, 2018), but this not followed
here. We conducted the spherical-harmonic analysis up to
degree 11,519 using the Driscoll-Heally quadrature (Driscoll
and Healy, 1994). Since LGM2026 grid points do not
coincide with the points of the quadrature (offset by a half
of the LGM2026 pixel size in both directions), we have
interpolated the LGM2026 grids to the quadrature points
using bivariate splines of degree 3. After the harmonic
analysis, the coefficients obtained from V* and V** were
transformed into the coefficients of the gravitational potential
using the Meissl scheme.
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Figure 2: Low-frequency RTM correction for ¥* in mGal at the lunar surface (a) and on the circumscribing sphere (b). The statistics
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Figure 3: Degree amplitudes obtained by harmonically analyz-
ing V, V* and V* on the circumscribing sphere. Harmonic
degrees 0 and 1 are omitted for visualization purposes.

Fig. 3 shows the spectra of the three quantities. The coef-
ficients from the gravitational potential V" are seen to suffer
from noise after degree ~600, making them unusable in this
harmonic range. This is caused by our spatial-domain gravity-
forward modeling technique (see Section 3.3.1). While we
tailored its parameters for evaluation at the topography,
they are clearly not suitable for the subtle variations of
the gravitational potential on the circumscribing sphere,
where the gravitational field is weaker. As the signal con-
tent amplifies in high degrees with the order of the radial
derivative of the gravitational potential, the range of degrees
affected by the noise moves beyond ~2500 and ~8500
with V'* and V#, respectively. The final spherical-harmonic
coefficients were obtained by (i) averaging the solutions
from V', V* and V** in degrees 0 — 500, (ii) averaging V'*
and V'** in degrees 501 — 2250 and (iii) taking the coefficients
from V'?* in degrees 2251 — 11,519. These are the coefficients
that will be validated with respect to GRAIL in Section 5.2.

To check for the presence of noise in the LGM2026 grids
that reside at the topography, we can simply assume that

N
— V2

VZZ
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~—
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Figure 4: Spectrum of the V' (dimensionless), V* (units m™!)
and V# (units m~2) surface grids assuming the data are signals
on the sphere of the radius 1749 km. All coefficients are
normalized by the GM and R = 1749 km constants. This
time, the Meiss| scheme is not applied for V* and V7.

they are square-integrable functions on a sphere and perform
surface spherical-harmonic analysis of these grids. Although
this procedure does not lead to solid spherical-harmonic
coefficients of the gravitational field that could be used in
the traditional way, it can reveal the presence of noise. Fig. 4
confirms that the surface grids do not contain noise in the
studied spectral bandwidth. This could be explained by the
fact that the gravitational field is stronger at the lunar surface
compared to the circumscribing sphere, hence it is easier to
capture with our spatial-domain gravity-forward modeling.

4. Results

The main product of LGM2026 are maps of the lunar
gravitational potential, vector and tensor at the lunar surface
and on its circumscribing sphere, all sampled at the 128-
PPD spatial resolution. The maps show quantities of the
gravitational field, meaning they do not take into account the
centrifugal field or the normal gravity field. The coordinate
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system adopted for all LGM?2026 spatial data is the Moon’s
principal axes coordinate system. As a representative example
of all LGM2026 maps, we show in Fig. 5 the maps of the
gravitational vector at the lunar surface.

For a more detailed demonstration, we selected the south
polar region, because it is significant for lunar exploration
due to the possible presence of water ice (Fisher et al.,
2017; McClanahan et al., 2024). This is also the region
where 13 candidate Artemis locations have been identified
for possible human landing. Fig. 6 shows the gravitational
acceleration (magnitude of the gravitational vector) over
this area as predicted by LGM2026, LGM2011 and the
spherical-harmonic model GRGM1200B + RM1, 4 = 1
to degrees 500 and 900. Two deficiencies of the spherical-
harmonic model are clearly visible. If its truncation degree is
low, the omission error causes the wavy pattern in Fig. 6¢. If
the truncation degree is high, the signal is overwhelmed by
the downward continuation errors and by the divergence of
spherical harmonics which leads to spurious oscillations in
Fig. 6d. By comparison, LGM2026 (Fig. 6a) and LGM2011
(Fig. 6b) do not suffer from these effects, as they model
also the high-frequency gravitational signals and do not
rely on spherical harmonics in short scales. Figure 6e
shows the gravitational acceleration at the 13 candidate
Artemis sites as determined by the four models. Over most
stations, LGM2011 predicts largest gravitational acceleration
whereas GRGM1200B + RM1, 4 = 1 to degree 500 yields
the lowest value. LGM2026 predictions are typically in
between LGM2011 and GRGM1200B + RM1, A = 1 to
degree 900. A possible explanation for the systematically
largest values in LGM2011 could be its constant density
of 2800 kg m~3 (the surface density in LGM2026 varies
from ~2375 to ~2495 kg m™~3 over this region and increases
with depth) or the pre-GRAIL spherical-harmonic gravi-
tational model SGM100i (Goossens et al., 2011) used in
LGM2011 to degree 70. In the absence of observed surface
gravitational data, it is impossible to assess which of the
four models performs the best in the south polar region.
It can be concluded though that the predictions of the
gravitational acceleration at the 13 candidate Artemis sites
differ by 104 mGal at maximum and that the degree-900
spherical-harmonic model features artificial oscillations over
low-elevated topography. Finally, we acknowledge that we
truncated GRGM1200B at degree 900 instead of its maxi-
mum degree 1200 for two reasons. First, to suppress high-
frequency GRAIL noise (see Goossens et al., 2020), which
is disproportionally amplified when the series is evaluated at
regions of low elevations. Second, to mitigate the divergence
of spherical harmonics at the lunar surface (see Section 3.1).
When expanded to degree 1200, the artificial oscillations from
Fig. 6d are further amplified and the maximum difference
with respect to the degree-900 solution reaches 31 mGal in
absolute value at the 13 sites (the ranges remain the same
except for Site 5, where the new range is 37 mGal).

Data published along with LGM2026 include (i) the
3D position of the LGM2026 data points, (ii) spherical-
harmonic coefficients of the lunar gravitational potential up to

degree 11,519 (see Section 3.5) and (iii) maps of the residual s
gravitational field beyond degree 500. 858

5. Accuracy 850

This section analyzes commission errors of LGM2026 s
(Section 5.1) and evaluates the model with respect to satellite a6
gravity from GRAIL (Section 5.2), surface gravity from the s
Apollo missions (Section 5.3) and modeled gravity from e
LGM2011 (Section 5.4). 864

5.1. Error assessment 865

Three major contributors to LGM2026 errors are: (i) the s
long-wavelength term V96M from Eq. (3) (Section 5.1.1),
(i1) the lunar topography model LDEM128 (Section 5.1.2) s
and (iii) the spatial- and spectral-domain gravity-forward s
modeling techniques (Sections 5.1.3 and 5.1.4, respectively). sn
A summary of these error analyses will be provided in &n

Section 5.1.5. 872
5.1.1. Errors of GRGM1200B 873

This section analyzes LGM2026 errors caused by the s
spherical-harmonic model GRGM1200B. 875

Using the 100 clones of the Kaula-constrained GRGM1200B sz
(Goossens et al., 2020), we propagated the errors of GRGM1200By7
onto the topography and the circumscribing sphere following s
Sabaka et al. (2014). The characteristics of the errors are  smo
reported in Table 2. At the topography, the errors are typically  sso
below 0.02 m? s=2, 0.4 mGal and 1.1 E for the gravitational e
potential, the gravitational vector and the gravitational tensor, ss
respectively (1 E = 107 s72). On the circumscribing s
sphere, the errors are smaller by about one to two orders  ss
of magnitude. As discussed by Goossens et al. (2020), the  sss
errors of GRGM1200B are calibrated, but it is difficult to  sse
assess whether they properly reflect the true errors. 887

Even if the scaling factor is unknown or biased, the error  sss
propagation realistically captures relative spatial relations of s
the errors. The errors of V'* are shown in Fig. 7. For the other w0
quantities, the errors follow the same spatial pattern, so are  so
not shown. At the lunar surface, the largest errors are observed o
over low-elevated areas (e.g., the South Pole—Aitken basin) s
whereas highlands are associated with the smallest errors. o
This is explained by the downward continuation errors, which s
generally increase with the distance between the satellites  sos
and the topography. On the circumscribing sphere, dominant e
are latitudinal stripes, which are related to the constellation of s
the GRAIL satellites. The errors are largest in the equatorial  se
area and smallest in the polar areas, reflecting the satellite o0
ground tracks. 901

5.1.2. Errors of LDEM128 902

This section estimates the contribution of LDEM128 o3
errors to LGM2026. Neumann (2024) does not provide oo
error estimates for LDEM128. However, within the +£60° o
latitudinal range, LDEM128 is derived from SLDEM2015 s
sampled at 256 PPD (Barker et al., 2016). According to  sor
Barker et al. (2016), the vertical accuracy of the 512-PPD s
version of SLDEM2015 is typically ~3 to 4 m. Considering oo
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Figure 5: LGM2026 maps of the gravitational vector elements V* (a), V¥ (b) and V* (c) at the lunar surface (mGal). The maps
are downsampled for visualization purposes and are centered at the 180° meridian.
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Figure 6: Gravitational acceleration (mGal) over the south polar region from LGM2026 (a), LGM2011 (b) and GRGM1200B + RM1,
A =1 to degrees 500 (c) and 900 (d). LGM2011 is plotted in the Mean-Earth/Polar-Axis coordinate system while the remaining
maps use the PA coordinates. The 13 points represent candidate Artemis locations for possible human landing (coordinates taken
from Goossens et al. 2025 and transformed to PA for LGM2026 and GRGM1200B). LGM2026 and LGM2011 are not shown in
their full resolution due to the size of the plotted area (see Fig. 13 for smaller region maps in full resolution). (e) Gravitational
acceleration at the 13 stations. The values above the dots indicate the maximum differences between the predictions in mGal. The
centrifugal acceleration was removed from LGM2011 to get the gravitational acceleration (Hirt and Featherstone, 2012).
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Table 2

Errors of V6™ (Eq. 4) obtained by error propagation of GRGM1200B up to degree 500 onto 1920 X 3840 grids (5.625 arcmin)
residing at the topography level and on the circumscribing sphere. The evaluation points are a subset of LGM2026 grid points.

Topography Circumscribing sphere
Quantity min max  90th percentile min max  90th percentile
V [m?s2] 1.6e—04 9.5e—02 1.6e—02 6.5e—05 1.9e—03 5.5e—04
V* [mGal] 2.3e-03 1.7e+400 2.5e—-01 4.0e—04 3.9e-02 8.3e-03
V¥ [mGal] 2.7e—03 1.9e+00 3.4e-01 4.4e-04 3.2e-02 1.1e-02
V= [mGal] 3.7e—03 2.6e+00 4.2e-01 6.9e—04 4.6e—02 1.4e-02
V< [E] 5.7e—03  3.8e+00 5.7e-01 9.2e—04 8.8e—02 1.8e-02
VY [E] 3.5e—03 2.4e+00 3.9e-01 6.5e—04 3.5e—02 1.2e-02
V* [E] 6.4e—03  4.6e+00 6.9e—01 1.1e-03 9.8e-02 2.1e-02
VY [E] 6.8e—03  4.6e+00 8.3e-01 1.0e-03 7.4e-02 2.5e-02
V2 [E] 7.7e—03  5.4e+400 9.1e-01 1.2e-03 8.1e-02 2.8e—02
V= [E] 1.0e—02 7.0e+00 1.1e400 2.0e-03 1.1e-01 3.5e-02

0.2 0.4 0.6 0.8 1.0

0.005

0.010 0.015 0.020 0.025 0.030

Figure 7: Errors of V*ORAL in mGal at the topography (a) and on the circumscribing sphere (b). The maps are centered at

the 180° meridian.

the downsampling to 128 PPD and Fig. 1 of Barker et al.
(2016), we shall assume that the accuracy of LDEM128 is
8 m.

LDEM128 errors propagated into LGM2026 in two
ways: through spatial-domain gravity-forward modeling
o V=" (LDEM128,, ) in Eq. (8) and through the radius
of evaluation points in Eq. (4) in the case of the grids at the
lunar surface.

LDEM128 errors in Eq. (8)

Given that rigorous error propagation for high-resolution
gravity-forward modeling in the spatial domain is barely
possible, we shall use the Monte Carlo method to estimate
the errors of ng:loc (LDEM128, ) that are due to the
LDEM128 errors. We generated 100 artificial topography
models by adding random errors from the Gaussian distribu-
tion to LDEM 128, assuming zero mean and variance of 64 m?2.
In the absence of information on the spatial autocorrelation of
the LDEM 128 errors, we assumed no spatial correlation. The
density is assumed errorless for now. All 100 topography
models were forward-modeled using the tesseroid-based
approach from Section 3.3.1, keeping the same parameters
as during the LGM2026 development. Since spatial-domain
gravity-forward modeling is the most time consuming part of
all LGM2026 computations, it is unrealistic to conduct 100

forward-modeling runs using all LGM?2026 points. Therefore,
we chose three representative study areas (Fig. 8). Area 1
(Fig. 8a) is located in the highlands near the equator and
includes the highest topography features (mean surface den-
sity ~2280 kg m~3). Area 2 (Fig. 8b) is located in the South
Pole—Aitken basin and includes the topography of the lowest
elevations (mean surface density ~2380 kg m™3). Area 3
(Fig. 8c) is located in the flat Oceanus Procellarum mare
(mean surface density ~2720 kg m~3). The results of the error
analysis are summarized in Tables 3, 4 and 5, respectively.
Clearly, the errors depend both on the topography and its
density. Generally, the standard deviations stay mostly be-
low 0.2 m?2 s~2 for V, 1 mGal for V2 and about 200 E for V72,
The standard deviations for the horizontal components of the
gravitational vector and tensor are typically one to two orders
of magnitude smaller than that for * and V**.

We applied the Monte Carlo method also at points on
the circumscribing sphere. For brevity, we do not provide
detailed statistics, but overall, the errors dropped by one to
two orders of magnitude for the gravitational potential and for
the gravitational vector and three to four orders of magnitude
for the gravitational tensor.

Our estimate of the standard deviation for V'* can be
checked by a simplistic model of the Bouguer plate. If
LDEM128 is radially in error with respect to the true
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Figure 8: Topography (m) over the three study areas for experiments from Sections 5.1.2 and 5.1.3: area 1 (a), area 2 (b)
and area 3 (c). The resolution of the maps is 128 PPD, but the evaluation points were downsampled by a factor of 10 in the
experiments. The grids of the gravitating masses were used in their original resolution of 128 PPD.

topography by Ah = 8 m, the Bouguer plate predicts the
change in V* to be 2z G p Ah = 0.8 mGal using the mean
density of the three study areas p = 2460kg m~3. This is
within reasonable agreement with our estimate of 1 mGal.
In the previous error analysis, we assumed the 3D variable
density distribution is errorless. While it is straightforward
to model the density noise based on the error analysis of
the density grids by Goossens et al. (2020), doing so would
significantly skew our error estimates. This can be explained

as follows. Clearly, the uncertainty of the linear density
model increases with depth. Since our topography model
is referenced to an internal sphere of the radius 1727 km (see
Section 3.2), the largest topographic height is about 21,150 m.
This is therefore the height of the highest tesseroid used in
gravity-forward modeling Qg"g:wo (LDEM128,, ). Along
such long distance, the density uncertainty can significantly
increase with the depth, producing large uncertainties of the
gravitational quantities. But this is unrealistic for LGM2026,
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Table 3

Propagation of LDEM128 errors to gravitational quantities for
spatial-domain gravity-forward modeling in the study area 1
(highlands near the equator, the highest lunar topography point
included). The study area is given by 50 X 50 point grid with
the 0.078125° spacing covering the latitudes from 3.4° to 7.2°
and longitudes from 199.2° to 203.1° (subset of LGM2026
grid points). Shown are the minimum standard deviations, the
maximum standard deviations and the 90th percentile.

Quantity min max  90th percentile
V [m?s2] 9.8e—02 2.0e—01 1.8e—01
V* [mGal] 2.0e-01 5.1e-01 3.5e-01
VY [mGal] 2.0e—01 5.2e-01 3.5e-01
V* [mGal] 1.4e—01 1.6e+00 7.7e—01
Y [E] 1.6e+01  7.le+01 4.7e+01
V™ [E] 6.3e+00 1.5e+01 1.1e+01
V* [E] 1.2e4+01 8.2e+01 2.0e+01
VY [E] 1.6e4+01 6.8e+01 4.7e+01
V2 [E] 1.2¢4+01  6.1e+01 1.9e+01
VvV [E] 3.0e+01 1.2e+02 7.5e+401
Table 4

The same as Table 3 but for the study area 2 (the South
Pole—Aitken basin, the lowest lunar topography point included)
given by 50 x50 point grid with the 0.078125° spacing covering
the latitudes from —68.6° to —72.4° and longitudes from 185.2°
to 189.0° (subset of LGM2026 grid points)

Quantity min max  90th percentile
V [m?>s™?] 7.3e—=03 7.6e—02 5.8e—02
V* [mGal] 7.5e—02 2.1e-01 1.5e-01
VY [mGal] 1.8e-01 6.4e—01 5.0e—01
V? [mGal] 1.4e—-01 1.5e+00 1.0e+-00
V> [E] 1.1e4+01 3.6e+01 2.5e+01
V¥ [E] 2.8¢+00 1.2e+01 7.2e4+00
V¥ [E] 8.7e—01 4.1e401 2.2e+01
VY [E] 2.8e+01 3.2e+02 2.0e+02
VY% [E] 1.6e4+01 2.1e402 8.8e+01
V# [E] 2.9e+01 2.9e+02 2.0e+02

because due to the RTM technique, forward-modeled are
in fact only residual masses, that is, the masses between
LDEM128 and LDEM128_SHj, 5, (see Section 3.2). Con-
sidering these actually used residual masses, the largest
tesseroid height is 2658 m while the 90th percentile is
only 391 m. Thus, the forward-modeled masses that entered
LGM2026 never exceeded the +2658 m range, so the error
analysis must reflect this.

Goossens et al. (2020) do not provide error analysis
for the density model used in the LGM2026 development,
only for a different version (see their Section 5.3). For the
other version, they estimated the mean surface density error
at 11 kg m~> and the mean error of surface density gradients
at 0.0023 kg m~. Generally, the uncertainties are larger than
the average over maria (see Fig. 18 of Goossens et al., 2020),
but RTM gravitational signals are weak in these regions due to
the flat topography. The surface density errors reach up to 1 %
of the surface density itself while the density gradient errors
reach about 20 % of the signal (both 90th percentiles). Using

Table 5
The same as Table 3 but for the study area 3 (Oceanus
Procellarum, flat topography) given by 50 x 50 point grid with
the 0.078125° spacing covering the latitudes from 15.9° to 19.7°
and longitudes from 300.0° to 303.8° (subset of LGM2026 grid
points)

Quantity min max  90th percentile
V [m?s?] 6.1e-02 1.0e—01 8.6e—02
V* [mGal] 2.0e-01 3.8e-01 3.3e-01
VY [mGal] 1.8e—01 3.9e-01 3.5e-01
V* [mGal] 5.2e—01 1.6e+00 1.0e4+00
V** [E] 1.4e401 7.5e+01 6.3e401
Vv [E] 5.2e+00 1.1e401 9.9e+4-00
V** [E] 3.1e400 5.0e+01 6.1e4-00
V¥ [E] 1.2e401 7.9e+01 6.9e+01
V¥ [E] 4.0e+00 6.0e+01 7.6e+00
V' [E] 2.4e+01 1.4e+02 1.2e+02

the linear relationship between density and the gravitational
field, we expect density errors to propagate into the RTM
signals at a level of approximately 1 to 2 % relative to the
signal strength. Considering the magnitudes of RTM signals
are 1.1 m2 s~2 for V, 29 to 43 mGal for gand 82 to 280 E
for V (all 90th percentiles), we estimate the LGM2026 errors
due to the density model to be typically below 0.02 m? s—2
for V,0.6 to 0.9 mGal for g and 1.6 to 5.6 E for V.

LDEM128 errors in Eq. (4)

LDEM128 defines the vertical position of the grid, at
which LGM2026 provides the lunar surface gravitational field
(more precisely, the points reside 0.1 m above LDEM 128,
see Section 3). The vertical uncertainty of LDEM 128 thus
propagates into the gravitational quantities at the lunar surface
when synthesizing GRGM1200B. After linearization, the
error propagation can be conducted using vertical gradients
of the gravitational quantities. Here, we shall use the mean
gradients at the lunar surface for simplicity.

Considering the mean value of V* from LGM2026 is
roughly —162500 mGal at the lunar surface, an error in the
spherical radius of 8 m (see Section 5.1.2) propagates into an
error of 13 m? s=2 in V. With the mean value of V** = 1830 E
from the LGM2026 surface maps, an error of 1.5 mGal in V'*
can be expected at the distance of 8 m. Given that V** and V'Y*
are about one order of magnitude smaller than V**, the errors
of VX and V¥ will also be an order of magnitude smaller
compared to the errors of V%, The error estimation for the
gravitational tensor is difficult, because LGM2026 does not
show the third-order gravitational gradients. However, the
approximate relation V*** ~ —6 737400 m? = -32 x

10712 m~1 572 (see Section 3.3 for the values of G and M)
leads to an error of 0.026 E for V'*“. Since the gravitational
field of planetary objects typically varies more in the radial
direction than in the horizontal directions (see, for instance,
the magnitudes at the scales of Fig. 5), the error estimates for
the remaining elements of the gravitational tensor will not
exceed the 0.026 E error for V%%,
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Figure 9: Artifacts in LDEM128, which propagated into LGM2026. Spherical radius of the lunar topography in meters (a), the
gravitational potential in m? s (b), the V' element of the gravitational vector in mGal (c) and the V* element of the gravitational

tensor in E (d).

Relative to the other error sources, the error of the
vertical position of the evaluation point grid is by far the
most significant for the gravitational potential and is safely
negligible for the gravitational tensor. For the gravitational
vector, it is comparable to the other sources of errors.
Importantly, these error estimates are tied to the gravitational
quantities of LGM2026. Once the concept of the disturbing
field is introduced (e.g., Hofmann-Wellenhof and Moritz,
2005), so that one works with quantities such as the disturbing
potential, gravity anomalies or deflections of the vertical, then
the errors due to the vertical position of evaluation points
fall a few orders of magnitude (e.g., three or four orders for
the disturbing potential) and thus become safely negligible
compared to other error sources. This is explained by the fact
that the magnitudes of the vertical gradients of disturbing
field quantities are smaller by a few orders compared to

the gradients of gravitational quantities. For instance, the
magnitude of the radial derivative of the disturbing potential
(negative gravity disturbance in spherical approximation) at
the lunar surface is typically at the order of ~10> mGal, while
the magnitude of the radial derivative of the gravitational
potential is ~1.6 x 10° mGal (see Fig. 5c).

Artifacts in LDEM128

LDEM128 is a state-of-the-art model of the lunar topogra-
phy. This does not mean, however, that it is free of artifacts or
errors. Artifacts in LDEM 128 propagated into LGM2026 in
at least two ways. First, they affected the V' 9M term in Eq. (4)
through the radial coordinate of evaluation points. Second,
they affected spatial-domain gravity-forward modeling when
evaluating G ¥ ~'" (LDEM128,, ) in Eq. (8). An example
of LGM2026 artifacts caused by LDEM 128 is shown in Fig. 9.
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Table 6

Impact of the Gauss—Legendre quadrature orders on the accuracy of spatial-domain gravity-forward modeling. The orders are here
denoted as O,/0,/0,/0,, where the order O, is used for tesseroids up the to spherical distance y < 0.3° from the evaluation
points, O, is used for 0.3° < y < 0.5°, Oy is used for 0.5° <y < 3° and O, is used for 3° <y < 10° (see also Section 3.3.1). The
table reports statistics of the discrepancies between the solution with 11/5/3/2 (used in the LGM2026 development) and two
higher-order solutions. The max column shows the maximum error in absolute value, STD stands for the standard deviation and
the 90th percentile is shown for the absolute value of the discrepancies. The statistics are reported for the study area 1 from

Section 5.1.2.
Gauss—Legendre quadrature Gauss—Legendre quadrature
15/9/7/6 17/11/9/8

Quantity max mean STD 90th max mean STD 90th

percentile percentile
V [m?s?] 8.6e—03 —5.6e—03 1.9e—03 7.6e—03 8.6e—03 —5.6e—03 1.9e-03 7.5e-03
V* [mGal] 3.5e4+00 —-9.0e—-02 4.8e-01 7.8e—01 4.0e+00 —1.2e-01 6.5e-01 1.1e4+00
VY [mGal] 3.2e+00 1.7e—02 4.9e-01 7.3e-01 3.7e4+00 2.4e—02 6.6e—01 1.0e+00
V* [mGal] 1.8e400 —1.5e-01 1.9e-01 3.8e-01 1.7e+00 —-8.2e—02 1.9e-01 3.1e-01
V** [E] 5.5e4-02 1.0e4+01 3.3e+01 3.3e401 6.7e4-02 2.5e+01 5.4e+01 7.4e401
VY [E] 9.1e4+01 —-1.5e4+00 1.7e+401 2.9e+01 9.0e4+01 —1.6e4+00 1.9e+01 3.2e+01
Ve [E] 4.3e+02 2.1e+01 1.0e+02 1.8e+402 4.4e+402 2.5e+01 1.2e+02 2.2e+402
VY [E] 4.8e+02 9.9e+00 3.5e+01 2.8e+01 6.1e4-02 2.4e+01 5.8e+01 6.2e401
VY% [E] 4.6e+02 —4.3e+00 1.0e+02 1.7e4+02 5.0e4+02 —5.2e4+00 1.2e+402 2.2e+02
V7 [E] 5.4e+4+02 —2.0e+01 4.8e+401 6.5e+01 6.7e4+02 —4.9e4+01 7.9e+401 1.5e+02

Removal of the artifacts from LDEM128 prior to gravity field
modeling—as done, for instance, in SRTM2gravity (Hirt
et al., 2019b)—would certainly be desirable, but this is not
a straightforward task due to the nature of the artifacts. A
decision has therefore been made to use LDEM128 as is. The
gravitational potential is the least affected by the artifacts,
while the gravitational tensor is affected the most (relative to
the signal strength).

5.1.3. Errors of spatial-domain gravity-forward
modeling

This section estimates the internal accuracy of the spatial-
domain gravity-forward modeling QT 1:;<10 (LDEM128;, ).
This validation is necessary, because the method requires
some empirical choices, most notably to choose the orders
of the Gauss—Legendre quadrature (see Section 3.3.1).

In this internal validation, we compared the gravitational

effects G <" (LDEM128,, ,) from LGM2026 with re-
spect to two > solutions relying on higher orders of the Gauss—
Legendre quadrature. We chose two higher-order solutions
to illustrate that further increasing the quadrature orders
would likely lead to marginal improvements only. For the
same reasons as in Section 5.1.2, the numerical experiment is
conducted over the three study areas from Fig. 8. The results
of the test are reported in Tables 6, 7 and 8. Generally, the
errors are the largest over the rugged area 1, which features
the highest peaks of the lunar topography. Over the flat
topography of medium heights in area 3, the errors are the
smallest. Somewhere in between are the errors over the area 2,
which is rugged but its elevations are the smallest of the entire
lunar surface.

Overall, we conclude that the accuracy is typically at the
order 1073 m? s~ or better for the gravitational potential,
1 mGal or better for the gravitational vector and 100 E or
better for the gravitational tensor. Compared to the error

sources from Sections 5.1.1 and 5.1.2, the errors of the
gravitational potential are safely negligible, while the errors
of gravitational vector and tensor are roughly at the same
level as the other error sources.

We repeated the experiment also on the circumscribing
sphere, but do not provide detailed statistics for the sake of
brevity. Compared to the already reported errors at the lunar
topography, the errors of the gravitational potential remained
at the same order of magnitude, the errors of the gravitational
vector dropped by one to three orders of magnitude and the
errors of the gravitational tensor dropped by three to five
orders of magnitude. Thus, for the LGM2026 maps on the
circumscribing sphere, these errors reach for all quantities
similar magnitudes compared to the other error sources.

5.1.4. Errors of spectral-domain gravity-forward
modeling
We consider the internal errors of spectral-domain gravity
forward modeling in QSHS(")';[SO (LDEM128_SH,, 5¢) (see
Eq. 8) negligible compared to the other error sources. This
is because it is well-known from the literature (e.g., Hirt
and Kuhn, 2014; Hirt et al., 2016; Hirt and Kuhn, 2017;
Rexer, 2017; Hirt et al., 2019b; Bucha and Sanso, 2021;
Bucha, 2025) that this method evaluates gravitational field
quantities accurately as long as (i) a sufficiently large number
of topography powers is employed (here 50 powers, see
Section 3.3.2), (ii) the spectral content of the topography
powers p > 1 found beyond the resolution of the input
topography is properly taken into account as done in our
computations and (iii) divergence of spherical harmonic is
not present or is negligible. In that case, it can evaluate, for
instance, the gravitational vector with a global root mean
square error at the order of a few puGal or even less (see the
references above).
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Table 7
The same as Table 6 but for the study area 2.

Gauss—Legendre quadrature

Gauss—Legendre quadrature

15/9/7/6 17/11/9/8

Quantity max mean STD 90th max mean STD 90th

percentile percentile
V [m?s?] 2.7e-04 —1.4e-05 2.9e-05 3.8e—05 2.8e—04 —1.5e-05 3.0e—05 4.0e—05
V* [mGal] 4.9e-01 1.1e-02 5.9e-02 8.8e—02 4.9e—01 1.1e-02 5.6e-02 7.8e—02
VY [mGal] 8.6e-01 —4.6e-03 1.1e-01 1.7e-01 1.2e4+00 -7.7e-03 1.2e-01 2.0e-01
V% [mGal] 7.5e-01 2.4e—02 9.4e-02 1.3e-01 8.2e-01 2.8e—02 1.0e-01 1.4e-01
V* [E] 1.3e+02 —3.2e4+00 1.6e+01 2.4e+01 1.3e+02 —4.2e4+00 1.6e+01 2.2e+01
V¥ [E] 3.0e+01 —4.5e—03 2.8e+00 3.1e4+00 3.0e+01 4.2e—02 2.7e+00 3.1e4+00
V*t [E] 1.3e4+02 —2.7e+00 1.9e+01 2.7e+01 1.2e4+02 —-2.1e+00 1.9e+01 2.9e+01
V¥ [E] 3.6e+02 1.6e+01 4.8e+01 6.0e+01 4.0e+02 1.9e+01 5.1e+01 7.6e+01
VYt [E] 5.3e+02 4.3e4+00 5.9e+01 9.5e+4-01 5.5e+02 6.4e+00 7.2e+01 1.2e+02
vV [E] 3.6e+02 —1.2e+01 4.7e+01 5.9e+01 4.0e+02 —15e+01 5.0e+01 7.2e+01

Table 8
The same as Table 6 but for the study area 3.
Gauss—Legendre quadrature Gauss—Legendre quadrature
15/9/7/6 17/11/9/8

Quantity max mean STD 90th max mean STD 90th

percentile percentile
V [m?s72] 5.3e—04 —3.4e—-05 2.2e—05 4.2e—05 6.4e—04 —3.5e—05 2.6e—05 4.0e—05
V* [mGal] 3.9e-01 -1.0e-03 2.7e-02 2.5e—-02 4.0e-01 -1.2e-03 2.7e-02 2.5e-02
VY [mGal] 4.7e-01 —2.4e-03 3.2e—02 3.0e-02 43e—01 —2.1e-03 3.1le-02 3.1e-02
V% [mGal] 1.5e+00 4.3e—03 7.0e-02 1.1e-02 1.5e+00 5.1e—03 7.6e—02 2.0e—-02
V** [E] 1.2e+02 5.9e—01 7.7e+00 5.9e+00 1.3e+02 5.0e—01 8.1e+00 7.3e+00
VY [E] 4.3e+01 —4.6e—04 1.7e+00 6.2e—01 4.1e+01 1.1e-03 1.6e+00 5.6e—01
V* [E] 1.9e+02 2.7e—01  6.0e+00 3.6e+00 2.1e+02 2.7e—01 6.6e+00 2.9e+4-00
V¥ [E] 1.4e+02 8.4e—01 8.3e+00 5.9e+00 1.4e+02 8.0e—01 8.5e+00 7.6e+00
V¥ [E] 1.7e+02 1.1e-01 6.8e+00 5.0e+00 2.1e+02 —1.6e—02 7.7e+00 4.3e+00
V% [E] 2.4e+02 —1.4e+00 1.5e+01 1.0e+01 2.5e+02 —1.3e+00 1.5e+01 1.3e+01

Based on our error analysis from Section 3.3.3, we also ne-

(glect]ead tk;; internal errors of ngll’ol”gi(l)oc (LDEM128_SH, s5400)
see Eq. 8).

5.1.5. Conclusions from the error assessment

By error propagation of the uncertainties from Sec-
tions 5.1.1 to 5.1.4 (the 90th percentiles), the commission
error of the surface LGM2026 maps is estimated at 13 m? s—2
for the gravitational potential, 2 mGal for the gravitational
vector, 250 E for the diagonal tensor elements and a few tens
of E for the off-diagonal tensor elements. Near rims of craters,
over rugged or low-elevated topography or when LDEM 128
artifacts are present, worse accuracy should be expected for
the gravitational vector and especially for the gravitational
tensor.

The bulk of the 13 m? s~2 error of the gravitational
potential is due to the uncertainty of the vertical position
of the LGM2026 surface grid. Therefore, if the normal
gravitational potential is subtracted from the LGM2026
gravitational potential, the uncertainty of the disturbing
potential will be about three to four orders of magnitude
better compared to the gravitational potential. This is relevant,
for instance, when computing the lunar geoid or quasigeoid.
On the other hand, the uncertainties of the gravitational

vector and tensor reflect mostly errors of our spatial-domain
gravity-forward modeling and errors of the topography model
LDEM128. Therefore, uncertainties of the disturbing field
quantities derived from the gravitational vector (e.g., gravity
anomaly or gravity disturbance) and from the gravitational
tensor (e.g., the disturbing tensor) remain at the same levels
as for the gravitational quantities, because other error sources
dominate in this case.

The errors of the LGM2026 grids on the circumscrib-
ing sphere are expected to be smaller than the errors at
the lunar surface at least by two orders of magnitude for
the gravitational potential, one order of magnitude for the
gravitational vector and three orders of magnitude for the
gravitational tensor. This error reduction is due to the assumed
deterministic radius of the circumscribing sphere as well as
due to the increased distance from gravitating masses.

5.2. Evaluation using satellite gravity from GRAIL
We evaluated the LGM2026 maps on the circumscribing
sphere with respect to the GRAIL model GRGM1200B + RM1,
A = 1 (shortened to GRGM1200B in this section). Unlike
its Kaula-constrained version, on which LGM2026 relies
(see Section 2), this variant incorporates a topography-based
constraint after degree 600 and thus is more accurate in
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Figure 10: (a) Dimensionless degree amplitudes of LGM2026, GRGM1200B + RM1, A =1, and RFM_SPATIAL (solid lines) and
their differences with respect to LGM2026 (dashed lines). The red line represents formal errors of GRGM1200B + RM1, 4 =1 that
were published along with that model. Harmonic degrees 0 and 1 are omitted from the plot for better visualisation. All coefficients
were rescaled to the same scaling constants and all degree amplitudes refer to the sphere of the radius 1749 km which passes
outside the Moon in mass-free space. (b) Zoom-in to harmonic degrees 2 — 600.

this spectral band. A validation with respect to a GRAIL-
based model is useful despite the fact that LGM2026
incorporates GRAIL data through the Kaula-constrained
GRGM1200B. Such a validation can (i) reveal interference
of VR™ yyith V6GM jp Eq. (3) in harmonics up to degree 500,
(ii) check the transition from GRAIL to RTM between
degrees 500 and 501 and (iii) it can validate LGM2026 a few
tens of degrees beyond degree 500, where LGM2026 relies
solely on the forward-modeled gravity but the GRAIL model
still incorporates real gravitational observations.

The differences between LGM2026 and GRGM1200B
are shown in Fig. 10. In low degrees up to 500, LGM2026
closely follows GRGM1200B as expected thanks to the
low-frequency RTM correction (see Section 3.4). Even
though LGM2026 relies exclusively on the Kaula-constrained
GRGM1200B up to degree 500, the two models are not iden-
tical in this band probably because of the interpolation that
was necessary to harmonically analyze LGM2026 (see Sec-
tions 3.4 and 3.5). Still, the discrepancies are below the formal
errors of GRGM1200B. Beyond degree 500, the difference
degree amplitudes between LGM2026 and GRGM1200B
experience a sudden jump, likely due to the missing GRAIL

gravity observations in LGM2026 after degree 500. Beyond
degree, say, 700 or 800, validation of LGM2026 with
respect to GRGM1200B faces limitations due to the noise in
GRGM1200B (see the red curve approaching the signal in
Fig. 10a).

At higher degrees, LGM2026 can be compared with
respect to RFM_SPATIAL (§ prlak et al., 2020). This model is
expanded to degree 2519 and was derived by gravity-forward
modeling of the lunar crust using LOLA topography and a
3D density. REFM_SPATIAL neither includes gravitational
contributions of masses below the crust nor it directly relies
on GRAIL data (only indirectly through the 3D density
model and crust-mantle boundary, which were estimated
from GRAIL). Given that REFM_SPATIAL does not reflect
masses below the crust, LGM2026 expectedly does not match
it in long wavelengths (degrees below a few hundreds). But in
higher degrees, where the gravitational field of the lunar crust
dominates in LGM?2026, the two models agree reasonably
well. Specifically, the differences between the models at
degree 501 are almost two orders of magnitude smaller than
the signal. Beyond this degree, the discrepancies grow relative
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Figure 11: Gravity predictions at the Apollo sites compared
to the observed gravity. The centrifugal acceleration was
added to LGM2026 and to GRGM1200B + RM1, A =1 using
the angular velocity @ = 2.6617073 x 1076 rad s~! (Wieczorek,
2015). The observed gravity values, their uncertainties and
the site coordinates were taken from Hirt and Featherstone
(2012). For LGM2026 and GRGM1200B, the coordinates were
transformed to the PA coordinate system. Some of the dots
are off-centered in the horizontal direction for visualization
purposes.

to the signal strengths, but keep the signal-to-noise ratio
above 1, indicating a reasonably good agreement.

Beyond degree 2519, LGM2026 remains unvalidated
because of the lack of higher-degree spherical-harmonic
lunar gravitational models. It is evident though that after de-
gree ~8500, noise overwhelms the signal (note that this holds
only for the LGM2026 maps on the circumscribing sphere
and not for the LGM2026 surface maps, see Section 3.5).

5.3. Evaluation using surface gravity from the
Apollo missions

At the lunar surface, the accuracy assessment is limited
by the scarcity of surface gravity observations. Available val-
idation data consist of four surface gravity values determined
by the Apollo 11, 12, 14 and 17 missions (for the data, see,
e.g., Hirt and Featherstone, 2012). The topography near the
Apollo 11, 12 and 14 sites is mostly flat, resulting only in
small variations of the gravitational field in these regions.
When combined with the large uncertainty of 30 mGal, the
limitations of the validation at these three sites are clear. Con-
versely, the Apollo 17 site is located in a more rugged valley
and the uncertainty of the gravity is reduced to 5 mGal. Fig-
ure 11 compares gravity predictions by LGM2026, LGM2011
and GRGM1200B to the observed gravity. All predictions fall
within the two-sigma uncertainties except for the Apollo 17
site, where only LGM2026 and LGM2011 satisfy the two-
sigma criterion. Notably, the Apollo 17 site happens to
be the most challenging validation site due to its complex
topography and low gravity uncertainty, making it suitable
for validation of short-scale gravity signals. Although our
evaluation using gravity from Apollo missions evidently lacks
robustness, LGM2026 seems to be in agreement with existing
models and especially with LGM2011.

5.4. Evaluation using gravity modeled from
LGM2011

Finally, we compared the gravitational acceleration from
LGM2026 and LGM2011 globally over the entire lunar
surface (Fig. 12). The discrepancies between the two models
range from —220 to 203 mGal with the standard deviation
of 23 mGal. Largest discrepancies are generally seen in long
wavelengths, often over the mascons. We attribute this mostly
to the spherical-harmonic models representing long wave-
lengths in LGM2026 (the Kaula-constrained GRGM1200B
to degree 500) and in LGM2011 (the pre-GRAIL model
SGM100i to degree 70). We acknowledge that Hirt and
Featherstone (2012) published also the RTM component
of LGM2011 and therefore the outdated SGM100i signals
in LGM2011 could be updated by some recent GRAIL
model, though only up to degree 70. In short wavelengths,
some discrepancies between LGM2026 and LGM2011 are
also seen which could be attributed to the different reso-
lutions of the background topography models (128 PPD
vs. 20 PPD, respectively). Overall, the observed standard
deviation of 23 mGal falls within the declared uncertainties
of LGM2026 (a few mGal) and LGM2011 (a few tens of
mGal; Hirt and Featherstone, 2012).

Visualization of LGM2026 and LGM2011 in their full
resolutions over a small region in the South Pole-Aitken
basin is provided in Fig. 13. Thanks to its ~6-times higher
resolution, LGM2026 reveals gravitational field features that
are invisible to LGM2011.

Finally, we would like to point out the limitations of our
evaluation of LGM2026 using LGM2011. The LGM2026
maps are expressed in the Moon’s principal axes coordinate
system. On the other hand, the topography-implied gravity
from LGM2011 relies on a topography model from the LRO
mission, which is given in the Mean-Earth/Polar-Axis coordi-
nate system. The difference between these coordinate systems
can reach 875 m (Neumann, 2024). To be able to perform a
simple pixel-to-pixel comparison, we neglected the fact that
both models are expressed in different coordinate systems.
Given the 1.5-km resolution of LGM2011 at the equator,
this seems to be permissible within reasonable error limits.
Another option would be to transform LGM2011 pixel-by-
pixel to the Moon’s principle axes coordinate system, leading
to irregularly distributed pixels, and then to interpolate into a
regular grid. In this way, the coordinate systems would match,
but this approach produces another kind of errors, namely
interpolation errors.

6. Applications

LGM2026 could be beneficial to theoretical studies as
well as to engineering applications that are sensitive to
fine scales of the lunar gravitational field. The maps of
the gravitational potential can help to establish a physi-
cally meaningful lunar height system (Tenzer et al., 2018)
to study, for instance, gravity-driven mass movements or
basalt flow direction (Wieczorek, 2015). The maps of the
gravitational vector can be useful for gravity predictions at
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Figure 12: (a) Gravitational acceleration from LGM2026 (block averaged to the 0.05° x 0.05° resolution to match LGM2011) and
(b) its difference with respect to LGM2011. Before the comparison, the centrifugal acceleration was removed from the surface
gravity of LGM2011 to get the gravitational acceleration. The statistics of the differences (min/max/mean/standard deviation)

are —220.3/203.2/0.5/22.8. All values in mGal.

-52°

—54°

176°

180°

163000 163100

-52°

540
180°

163200 163300

Figure 13: Gravitational acceleration in mGal from LGM2026 (a) and LGM2011 (b). Both models are shown in their full resolution.
The centrifugal acceleration was removed from LGM2011. LGM2026 is shown in the Moon's principal axes coordinate system and
LGM2011 is shown in the Mean-Earth/Polar-Axis coordinate system.

prospective landing sites, inertial navigation (Zemba et al.,
2024), to verify/calibrate readings of accelerometers or to
derive quantities such as gravity anomalies or deflections
of the vertical. The maps of the gravitational tensor can
be used for autonomous navigation of spacecraft based on
gravity gradient measurements (Chen et al., 2023) or for
upward/downward continuation of the gravitational potential
and vector in mass-free space. Maps on the circumscribing
sphere can be helpful for studying spectral properties of the

lunar external gravitational field to ~250-m spatial scales or
for combining with the surface maps to radially interpolate
the lunar gravitational field. Considering that the synthesis
of spherical-harmonic gravity models is a routine task, users
can readily use the residual gravitational maps to supple-
ment long wavelengths (harmonics up to degree 500) also
from spherical-harmonic models other than GRGM1200B.
Spherical-harmonic coefficients of the gravitational potential
to degree 11,519 can be useful for studying the lunar
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gravitational field at fine scales in the spectral domain, to
study convergence/divergence of spherical harmonics at the
lunar surface or to check/derive empirical power rules for the
spectrum of the gravitational field of the Moon.

7. Limitations

Short-scale LGM2026 signals (beyond degree 500, wave-
lengths smaller than ~11 km at the equator) do not rely
on observed gravity but instead on gravity modeled from
topography and density. Therefore, LGM2026 must not be
geophysically or geologically interpreted at these scales.

Noise is present in the grids of the gravitational potential,
the gravitational vector and the gravitational tensor on the
circumscribing sphere at spatial scales smaller than ~9 km
(beyond degree 600), ~2 km (beyond degree 2500) and
~650 m (beyond degree 8500), respectively (see Section 3.5).
This seems to be caused by the combination of the attenu-
ated gravitational field and by the limited accuracy of our
gravity-forward modeling in the spatial domain. The surface
grids are not affected by this issue, because the short-scale
gravitational signals are much stronger at the lunar surface
(see Section 3.5).

LDEM128 errors such as spikes or stripes (see Sec-
tion 5.1.2) propagated into LGM2026 through the vertical
position of evaluation points and through RTM. Visual
screening of LGM?2026 suggests the artifacts are found mostly
(but not only) in latitudes |@| > 60°.

8. Conclusions

LGM2026 is a set of lunar gravitational maps showing the
gravitational potential, the gravitational vector and the gravi-
tational tensor at the lunar surface and on its circumscribing
sphere at a spatial resolution of 128 PPD (~250 m at the
equator). The maps combine GRAIL gravity (wavelengths
up to ~11 km at the equator) with gravity obtained by
forward modeling of the LRO and Kaguya topography and
3D crustal density (scales smaller than ~11 km). Besides the
gravitational maps, LGM2026 provides an external spherical-
harmonic expansion of the lunar gravitational field up to
degree 11,519. To avoid divergence of spherical harmonics,
the series should only be evaluated above the minimum sphere
completely encompassing the Moon. Otherwise, it should
be truncated appropriately based on a prior analysis. The
commission error of LGM2026 is estimated at 2 mGal at the
lunar surface in terms of the gravitational vector. LGM2026
is freely available under the open CC BY 4.0 license.

This study can also be viewed as a proposal and validation
of a methodology for high-resolution gravity field modeling
near planetary surfaces using 3D density models. This task
is challenging, because the numerically efficient spherical-
harmonic methods are generally invalid at planetary surfaces
due to the divergence issue. On the other hand, spatial-domain
methods such as prisms or tesseroids are valid in the entire
3D space, but they require massive parallelization to employ
them globally at high resolutions. Our approach modifies the
spherical-harmonic method and combines it with existing

spatial-domain methods to retain accuracy and efficiency
even at planetary surfaces. Once 3D variable density models
of the Earth’s topographic masses become available (Sheng
et al., 2023), this framework is applicable also to the Earth’s
gravitational field.
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